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the effects of outage
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Standard deviation of payload potential, excluding
the effects of outage

Standard deviation of EMR
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SECTION I. INTRODUCTION

Outage is defined as the amount of propellant (fuel or oxidizer,
but never both) which cannot be burned because of an insufficient
quantity of the other propellant. Outage obviously reduces the vehicles'
capability potential in the form of unwanted inert weight at cutoff. An
outage will occur when a variation exists between the targeted and actual
tanked mixture ratio and/or between the nominal and the actual burned
mixture ratio.

Since outage is clearly a random phenomenon, any payload study
involving outage will be statistical in nature. The tanked mixture ratio
and burned mixture ratio are assumed normal with known mean and
standard deviation, The effective mixture ratio (EMR) is the statistical
combination (root sum square) of these two ratios. In Section II the
probability density function (pdf) of outage is developed analytically as
a function of LM, FM, "gMRUc/o and fuel bias. The equations show
how the fuel bias helps shape the pdf of outage and hence, how it influ-
ences the mean and standard deviation of outage.



SECTION II. THE PROBABILITY DENSITY FUNCTION OF OUTAGE

Consider the maps h:EMR —« Ry and g:EMR - Ry, defined as follows
(Figure 1):

)
&1 (LM, FM + MB)
>
E Slope
5 LM
3 @ =emr = ;-0
LM
© =up =5y
emr
@ = (uT )“C/o
@ ) @ = Uc/o0
(-f, o) (MB, o) Fuel in Tank
FIGURE 1. STAGE MIXTURE RATIO
f = h(emr)
LM LM
=FM+MB - oot emr > ¥4 + MB
and
£ = g(emr)
emr
= uT )uC/°| f'
emr LM IM
= - m— |, E o———
(“T )“c/OIFM+MB emr emr = M + MB



By construction, the furctions g and h azre 1-1 and they map the
disjoint sets

i eror > — =M
FM + MB ' FM + MB

emr <
onto the disjoint sets
Ri, + Rps
respectively.

Hence, the irequency of LOX outage occurrence may be given by

-1
-di—-! , re€ R., zero elsewhere
dr . r L

Wi(r) = nfg~(r)]
where 1 is the probability density function (pdf) of EMR and

dg-!|

ar lr

is the absolute value of the Jaccvian of the inverse of the transformat.on g
{(References 1 and 2).

Similarly for fuel

Wa(r) = nfht ey [

) TE RF » zero elaewhere
r

Now
re R=R; URp
and
Ry NRp =¢
implies that
P(r ¢ R) = P(r ¢ Rp)+ P(r ¢ Ry)
which is to say that the pdf of R is

W(r) = Wy(r)+ W (r)

dh~!
dr

nlg=1(r)]

=1
| koo

, r € R, zero elsewhere,
r



Let v ¢ RL’ therm. there exists an

M

A cm——
emr =FM + MB

such that

e |
n

g(emr)

1

emr

9:‘—1‘5%,0 !(FM + MB) -

LM

Y¢/lo IM - Yc/0
up

(FM + MB )emr .

Solving for g~'(r)

g (r) = emr

Ye/o LM - urr

= “c/o(FM ¥ MB) s TE RL , zero elsewhere
and
-1 -u
dg = l I , re Ry , zoro elsewhere
"dr | ~ {uc/o(FM + MB) L@ =3ro€ '
Similarly
LM
-1 _ .
h=%(r} = FMIMB -1’ re RF » zero elsevhere
and
dh”! = ' LM » reR zero elsewhere
dr |~ (FM + MB - ry F’ :
Hence,
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which is the form of the pdf of outage [W(r)] used for digital computation
of the mea- outage
up = S‘rW(r)

and standard deviation of outage

[S r? W(r)]- ug’

in the computer prcgram that is discussed in the following sections,

i
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*#1r)=QTAGF CUUTIOFF MIXTJRF RATIO

SECTION IIll. COMPUTER PROGRAM LISTING

ok R OINPUT # % % % % % % % % % % % K K X X % X # £ B ¥
*SIGE=ONE STANCARD DFVIATION NF EFFECTIVE MIXTURE RATIN

*cM=MAINSTAGE FUFL LOAD,
*LM2MAINSTAGE LOX LOAD,

¥Mn=FUFL A

* % % QUTPUT

TAS

ADPESINULFS (LAM)

*DD=PRARARTLITY OF P

#1PRT= OPTION FCR NETATIL PRINT OF RsFRHPR

*¥NPASES Y

THRU

"

¥ % ® N ¥ O X X % # F X ¥ ® £ H X % K X *®

NR LFSS NCCURRIMEG,
*¥FRzFRFAOUENCY NF OCCURRANCF NF R,

yln=MvMEAM DESINUAL,
*¥QIAK=STANDARD PFVIATION OF RFSINUAL,
¥DD} %= FUTNFF | IM]T FAR PR

*OR OR X ¥ % X K ¥ F X ¥ ¥ X #* %
OFAL LVs¥3

COVMICN /CDMT/LPT oMY
NIVENSTION A(250044)

NIMENSTON

NAMELIST/HNAMFE2/INX o INY sLARCL sLHFAN G INZ o TSYMoXL o XReYR,yYT 4L ,4LP

IF{IPRT 4 Fa1)

* % ¥ ¥ ¥ 2 F F X X X ¥ #

* % ¥ K K ¥ K x

LA TR T S

IOX11203)4IDY(1293) sLAREL (T 33)sLHFAN(SYTSYM(3YsL(2)
NIVENSTION XLI2Y9XRI2)4YR(2),YT(2)9INZ2(12)sL2(2)
NAVELTIST 7/ NANEL1/ S1GFsUCCsEMoalLMeMR,UTsClar3sPRLTY$IPRT

¥y tPLOTyNCASFES
PEAN(E s NAMF )
WOTTF(69NAMED )

TFOTIPLAT

oL T,

[

CALL CAMRAV(359)

MNY =2

6o 70 5

X%% CYSTEM SIRRCITINE #%a¥
FALL SCouty
CALL RITF2VIBN455N490049M51,36513LHFANJNFRR)

FAMTINIIE

WRITF (/9810

PO 209 1J=1sNCASFS

READ(B5aNAMFT )

"NT2LM/FM
PR=0,
1R,
RRFR=0,
P,CP;C.
PR2FR=0,
QYGQ7=0.
NR=5,
"an,
PPRIV=2N,
A(197)=04
Al1e2y=),
Al192)=27,



F1=1, ZISIGFRISQRT(2,'43,14158927)1)
C2=UT/(UCO*(FMaMAY )
WRITE(AINAMF Y)Y
NO 100 1=1428CN
17=1
Mal=t
Dottt
NR=R - RPRZV
PORFV=R
IS CLCUCORIM) = (UUTHR )Y /7 (MCOR(FMeMRy ) ) —UT ¥ %D /(2 *Car*cynr)
CaN=(LM/ (F1+MB=-R}))=UT
Clhz CUNRCAUN/ (2 J%*S5IAFESTIGF)
re=AnS(LI/ ({FMIMR=R ) *#> )
FR=CIR(EXP(=CP1%r2 4 FXP(=CL)%CR)
TF(T,E2.1) N TN 19
PR=PP+NRE{ (FR+A(NM321)1/2,)
UR=UR + DPR*¥(R¥(FR4A(M9211/2,)
RIFR=R*R*¥FR
RRFR=RRFR + DR* [ (RP2FR+PRPFR) /2.
PR2FR=R2FR
€1aR2=RRFR - (UR#*UR)
10 CONTINUF
A(Te1)=R
A(T92)=FPR
Al{]92)=PR
1F(PR 6T, PRLIM )y GO TO 101
100 CONTINIIF
101 CONTINUF
C1AR=SHRT(SIBRYY
WRITF(Ks5D1 )R ETGRHP-
TE(IPRT LT, 1) RO TO 149
NA 102 121971958
102 WRITE(E+50UALYT oAl T 1Y oA Te7)eA(T92)
149 1F(IPLCT LT, 1) GO TO ;5¢
NO 20 Jz14"
JJ=J4+1
LPI=LP ()
#%% SYSTFM SURROUTINF ##%#
CALL QUIKAVILIJ) o ISYMU N o IDX(ToJ)oINY (10 J)slTsA(T191)sA(T10JJ))
FALL RITE2VI2509990,9075974193691 sLHFANINFR)
CALL RITF2V{2309360+980+90+1942919LABFL(19J)sNFRR)
2, CAINTINUF
160 CONTINUF
WRITE(69520)
WRITF(RIBD21Y)SIAF
WRITFE(AR4R22)UCD
WRTTIE(AIRDIYFM
WRITF(HsRD4 LM
WRITE(H9BRDE MR



;0

801
502
513
506
510
520
521
522
523
524
525
526
527
528

WRTTE(AIEDIR)
YRITE(AE27)STAR
WRITE(RsR2R)UR
WRTTF(G6sEUD)
rFONY INJE
IFLIPLOT LLT, t) STOP
WRITF (V1A 4810
CALL RITF2VIBD4550,9009979s192691+LHFANSNERR)
*»a% SYSTFM SUBROUTINF #%##
ralL CLFAN
cTNP
FORMAT(4H UR=9F1648915H SQRT(SIGR2)1=9E15.8:6H PR=sF1%5.,3!
CCRMAT(///712H END OF rASF)
FORMAT(105X 95H C4N=4Fl4,T)
FARMAT (1°; o1496F14,7)
FORMATLIHY)
CORMAT(IHY o/ /7792 X oBHINI LT/
FARVYAT (4BH STANDARN DEVIATION OF EFFECTIVE MIXTURF RATIO =4F%.4)
FORMAT(25H STAGF CUTOFFE MIXTURF RATIO=Z420Xs5764)
FORMAT(272H MAINSTAGF FUEL LOAN=321XsFlbst)
FAPYAT(22H “AINSTAGF LOX LOAD =921XsFl4,4)
FORMAT(12H FUFL BIAS =+31XsFlbe4)
FORMAT(///7/791H 927X s6HOUTPIIT /)
FORMAT (32H STANDARN DFVIATION OF RESINUAL=39IX9sF14,7)
FNAOVAT(238H EXPECTED VALUE OF RESIDUAL (MFANI=s6XsF14e™)
ENn



SECTION IV, COMPUTER PROGRAM SAMPLE RESULTS

Table 1 shows the results of nine computer runs that were made
to support a design phase, Space Shuttle sizing study. Total run time
for the nine cases was 2.3 min on the Univac 1108 computer.

TABLE I, PROGRAM RESULTS

Input Data Output Data
e oemr | /o LM FM | MB | by | o,

1 0.021 6.0 1,399,175 | 233,196 300 | 1413 | 1543
2 0.021 6.0 1,399,175 | 233,196 00 | 1224 | 1264
3 0.021 6.0 1,399,175 | 233,196 800 | 1243 | 1046
4 0.021 6.0 1,399,175 | 233,196 900 | 1255 974
5 0.021 6.0 1,399,175 | 233,196 § 1000 | 1281 915
6 0.021 6.0 1,399, 17.5 233,196 | 1100 | 1320 869
7 0.021 6.0 1,399,175 | 233,196 | 1200 | 1377 836
8 0.021 6.0 1,399,175 | 233,196 | 1400 | 1498 799
9 0.021 6.0 1,399,175 | 233,196 | 1600 | 1654 7°8

The computer program has the option of generating plots of the
probability density function and distribution function of outage, Computer
plots corresponding to case two (Figures 2 and 3) and to case six
(Figures 4 and 5) are shown.
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SECTION V., CHOOSING THE OPTIMUM FUEL BIAS

Let M and Z be the mean and the standard deviation of payload
potential, excluding the effects of outage. M and Z are the statistical
combinations (usually root sum square) of payload potential variations
caused by the randomness of thrust, ISP, propellant loads, and aero-
dynamic forces.

By an application of the Central Limit Theorem (Reference 3),
the total standard deviation, including outage effects on payload
potential, is closely approximated by

Within a given sigma probability, k; the total vehicle payload

potential is
F) 2
M - [ tk,/aR + =2}

Now, given that LM, FM, OCp\Ry Ye /o are known, pp and op
are uniquely determined for a given fuel bias (Section II). Thus
optimizing the fuel bias amounts to choosing the fuel bias that
minimizes the payload potential loss

T chrRz +z?
within a given sigma probability, k.
Table II shows the payload potential loss associated with each

of the output data of the sample computer run (Table I). The 3Z used

was 4151 lbm. The optimum fuel bias for this study was determined to
be 1100 1bm (Table II).

14



TABLE II. PAYLOAD POTENTIAL LOSS (1bm)
VERSUS FUEL BIAS

Case MB b e +f (39 ) + 41512
1 300 7630
2 600 6846
3 800 6441
4 900 6332
5 1000 6258
6 1100 6222
7 1200 6227
8 1400 6291
9 1600 6431

It is worth notiag that the optimum fuel bias is not highly
sensitive to reasonable values of Z, Several fuel bias optimization
studies were made for this Space Shuttle configuration with 3Z ranging
from 1000 to 6000 lbm. The resulting optimum fuel biases were between
1000 and 1300 lbm. However, the optimum fuel bias is sensitive to the
total propellants tanked (LM + FM) and to EMR.

15



SECTION VI, SUMMARY

This paper presents an accurate and efficient method of deter-
mining the optimum fuel bias for a bipropellant liquid rocket. Basically,
the paper shows that the mean and standard deviation of outage are
uniquely determined for a given fuel bias (Section II), and how, because

of this, probable loss in payload resulting from outage can be minimized
by the proper choice of a fuel bias.
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